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ABSTRACT
The process of top-quark pair production followed by semileptonic decays at
future high-energy e+e− linear colliders is investigated as a possible test of physics
beyond the Standard Model. Assuming the most general non-standard forms for
γtt¯, Ztt¯ and Wtb couplings, the energy spectrum of the single lepton ℓ± and
the energy correlation of ℓ+ and ℓ− emerging from the process e+e− → tt¯ →
ℓ± · · · /ℓ+ℓ− · · · are calculated. Expected precision of the non-standard-parameter
determination is estimated adopting the recently-proposed optimal method.
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1. Introduction
High-energy e+e− linear collider (NLC) can provide a very useful laboratory to
study physics of the top quark. In spite of spectacular successes of experimental
high-energy physics (e.g. precision tests of the Standard Model (SM) of electroweak
interactions), the top-quark couplings have not been tested yet. We should not
take it for granted from the beginning that the top-quark interactions obey the
scheme provided by the SM. The aim of this paper is to consider possible non-
standard effects in the energy spectrum of secondary lepton(s) emerging in the
process e+e− → tt¯→ ℓ± · · · /ℓ+ℓ− · · · at NLC. Since the top quark is heavy, mexpt =
175.6±5.5 GeV [1], it decays as a single quark before forming bound states. Thanks
to this property it is possible to avoid complicated non-perturbative effects brought
through fragmentation processes in contrast to a case of lighter quarks.
The leptonic energy spectrum has been studied in the existing literature [2]–[5].
However, non of those articles assumed the most general form for the interactions
of γtt¯, Ztt¯ and Wtb. Although our recent papers [4, 5] treated consistently non-
standard effects in the production and decay of top quarks at NLC, we focused our
discussion on CP -violating couplings only.♯1 In this paper we will present a com-
prehensive analysis taking into account the most general non-standard couplings
with both CP -violating and CP -conserving terms.♯2
The paper is organized as follows. In sec. 2 we will briefly describe a formalism
for the energy-spectrum calculation. Section 3 will provide the differential cross
section for polarized tt¯ production assuming the most general γtt¯ and Ztt¯ inter-
actions. In sec. 4 we will consider the top-quark decay, where again we use the
most general form for non-standard Wtb interactions. Section 5 will contain the
derivation of the single and the double lepton-energy spectrum. Then, in sec. 6,
we will discuss how to measure all the non-standard couplings using the method
♯1CP violation in top-quark production at NLC and in its decay has been discussed by very
many authors, an incomplete list of references which are not cited in the text could be found in
ref.[6].
♯2We treat all the other couplings as in the SM since it is well known that they are successfully
described within the SM.
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of optimal observables [7]. We summarize our results in sec. 7. There we also
compare our results to those in other numerical analysis [8]–[13]. In the appendix,
in order to provide readers some more concrete image, we show contributions of
the dimension 6 operators to the form factors in the γtt¯/Ztt¯ and Wtb couplings in
the framework of effective lagrangian approach [14].
2. The lepton-energy spectrum: standard-model results.
In this section we briefly present the formalism which will be used in this paper.
For completeness we also show some standard-model results.
We will treat all the fermions except the top quark as massless and adopt the
technique developed by Kawasaki, Shirafuji and Tsai [15]. This is a useful method
to calculate distributions of final particles appearing in a production process of
on-shell particles and their subsequent decays. This technique is applicable when
the narrow-width approximation
∣∣∣∣∣ 1p2 −m2 + imΓ
∣∣∣∣∣
2
≃ π
mΓ
δ(p2 −m2)
can be adopted for the decaying intermediate particles. In fact, this is very well
satisfied for both t and W since Γt ≃ 175(mt/MW )3 MeV≪ mt and ΓW = 2.07±
0.06 GeV [16] ≪MW .
Adopting this method, one can derive the following formula for the inclusive
distribution of the single-lepton ℓ+ in the reaction e+e− → tt¯ [3]:
d3σ
d3pℓ/(2p0ℓ)
(e+e− → ℓ+ + · · ·)
= 4
∫
dΩt
dσ
dΩt
(n, 0)
1
Γt
d3Γℓ
d3pℓ/(2p0ℓ)
(t→ bℓ+ν), (1)
where Γℓ and Γt are the leptonic and total widths of unpolarized top respectively,
and dσ(n, 0)/dΩt is obtained from the angular distribution of tt¯ with spins s+ and
s− in e
+e− → tt¯, dσ(s+, s−)/dΩt, by the following replacement:
sµ+ → nµ =
(
gµν − p
µ
t p
ν
t
m2t
)
mt
ptpℓ
pℓ ν and s− → 0. (2)
– 3 –
(Exchanging the roles of s+ and s− and reversing the sign of n
µ, we get the distri-
bution of ℓ−.)
Following ref.[3], let us introduce the rescaled lepton-energy, x, by
x ≡ 2Eℓ
mt
(
1− β
1 + β
)1/2
,
where Eℓ is the energy of ℓ in e
+e− c.m. frame and β =
√
1− 4m2t/s (s ≡
(pe+ + pe−)
2). We also define parameters D
(0)
V , D
(0)
A and D
(0)
VA as
D
(0)
V = (vevtd−
2
3
)2 + (vtd)
2,
D
(0)
A = (ved)
2 + d2,
D
(0)
VA = ved(vevtd−
2
3
) + vtd
2, (3)
by using the standard-model neutral-current couplings for e and t: ve = −1 +
4 sin2 θW and vt = 1− (8/3) sin2 θW , and a Z-propagator factor
d ≡ s
s−M2Z
1
16 sin2 θW cos2 θW
.
Then, the x spectrum is given in terms of these quantities by
1
Bℓσee¯→tt¯
dσ
dx
±
≡ 1
Bℓσee¯→tt¯
dσ
dx
(e+e− → ℓ± + · · ·) = f(x) + η g(x). (4)
Here σee¯→tt¯ ≡ σtot(e+e−→ tt¯), Bℓ is the branching ratio for t→ ℓ+ · · · (≃ 2/9 for
ℓ = e, µ). f(x) and g(x) are functions introduced in ref.[3]:
f(x) =
3
W
1 + β
β
∫
dω ω , g(x) =
3
W
1 + β
β
∫
dω ω
[
1− x(1 + β)
1− ω
]
, (5)
where
W ≡ (1− r)2(1 + 2r), r ≡ (MW/mt)2, ω ≡ (pt − pℓ)2/m2t .
f(x) and g(x) satisfy the following normalization conditions:
∫
f(x)dx = 1 and
∫
g(x)dx = 0.
The explicit form of f(x) and g(x) could be found in refs. [3] and [4]. η is defined
as
η ≡ 4 aVAD(0)VA ,
– 4 –
where aVA ≡ 1/[ (3− β2)D(0)V + 2β2D(0)A ].
Applying the same technique, we get the following energy correlation of ℓ+ and
ℓ− :
1
B2ℓσee¯→tt¯
d2σ
dx dx¯
= S0(x, x¯), (6)
where x and x¯ are the rescaled energies of ℓ+ and ℓ− respectively, and
S0(x, x¯) = f(x)f(x¯) + η [ f(x)g(x¯) + g(x)f(x¯) ] + η
′g(x)g(x¯)
with η′ being defined as
η′ ≡ β−2aVA[ (1 + β2)D(0)V + 2β2D(0)A ].
Clearly, the (x, x¯) distribution is symmetric in x and x¯, which is a sign of the
standard-model CP symmetry.♯3
In the following, we use MW = 80.43 GeV, MZ = 91.1863 GeV, mt = 175.6
GeV, sin2 θW = 0.2315 [1] and
√
s =500 GeV. For these inputs, we have
η = 0.2074, η′ = 1.2720 and aVA = 0.7545.
3. Non-standard effects in the production of polarized tt¯
We will assume that all non-standard effects in the production of tt¯ can be repre-
sented by the following corrections to the photon and Z-boson vertices contributing
to the s-channel diagrams:
Γ µvtt¯ =
g
2
u¯(pt)
[
γµ{Av+δAv−(Bv+δBv)γ5}+ (pt − pt¯)
µ
2mt
(δCv−δDvγ5)
]
v(pt¯), (7)
where g denotes the SU(2) gauge coupling constant, v = γ, Z, and
Aγ =
4
3
sin θW , Bγ = 0, AZ =
vt
2 cos θW
, BZ =
1
2 cos θW
.
In addition, contributions to the vertex proportional to (pt+ pt¯)
µ are also allowed,
but their effects vanish in the limit of zero electron mass.♯4 Among the above new
♯3The SM requires at least two-loops to generate CP -violating energy distributions.
♯4These contributions are essential for the U(1)EM gauge invariance. We discuss this point
briefly in the appendix.
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form factors, δAγ,Z , δBγ,Z , δCγ,Z and δDγ,Z are parameterizing CP -conserving and
CP -violating non-standard interactions, respectively. In the appendix, we show
how they receive contributions from effective operators of dimension 6.
On the other hand, interactions of initial e+e− have been assumed untouched
by non-standard interactions:
• γe+e− vertex
Γ µγe+e− = −e v¯(pe+) γµ u(pe−) , (8)
• Ze+e− vertex
Γ µZe+e− =
g
4 cos θW
v¯(pe+) γ
µ(ve + γ5) u(pe−) . (9)
A tedious but straightforward calculation leads to the following formula for
the angular distribution of polarized top-quark pair in presence of the above non-
standard interactions:
dσ
dΩ
(e+e− → t(s+)t¯(s−))
=
3βα2
16s3
[
DV [ {4m2ts+ (lq)2}(1− s+s−) + s2(1 + s+s−)
+2s(ls+ ls− − Ps+ Ps−) + 2 lq(ls+ Ps− − ls− Ps+) ]
+DA [ (lq)
2(1 + s+s−)− (4m2ts− s2)(1− s+s−)
−2(s− 4m2t )(ls+ ls− − Ps+ Ps−)− 2 lq(ls+ Ps− − ls− Ps+) ]
−4 Re(DVA)mt [ s(Ps+ − Ps−) + lq(ls+ + ls−) ]
+2 Im(DVA) [ lq ǫ(s+, s−, q, l) + ls−ǫ(s+, P, q, l) + ls+ǫ(s−, P, q, l) ]
+4 EV mts(ls+ + ls−) + 4 EA mt lq(Ps+ − Ps−)
+4 Re(EVA) [ 2m
2
t (ls+ Ps− − ls− Ps+)− lq s ]
+4 Im(EVA)mt[ ǫ(s+, P, q, l) + ǫ(s−, P, q, l) ]
− Re(F1) 1
mt
[ lq s(ls+ − ls−)− {(lq)2 + 4m2ts}(Ps+ + Ps−) ]
+2 Im(F1) [ s ǫ(s+, s−, P, q) + lq ǫ(s+, s−, P, l) ]
+2 Re(F2) s(Ps+ ls− + Ps− ls+)
– 6 –
− Im(F2) s
mt
[ ǫ(s+, P, q, l)− ǫ(s−, P, q, l) ]
−2 Re(F3) lq(Ps+ ls− + Ps− ls+)
+ Im(F3)
lq
mt
[ ǫ(s+, P, q, l)− ǫ(s−, P, q, l) ]
− Re(F4) s
mt
[ lq (Ps+ + Ps−)− (s− 4m2t )(ls+ − ls−) ]
−2 Im(F4) [ Ps+ǫ(s−, P, q, l) + Ps−ǫ(s+, P, q, l) ]
+2 Re(G1) [ {4m2ts+ (lq)2 − s2}(1− s+s−)− 2s Ps+Ps−
+lq(ls+ Ps− − ls− Ps+) ]
− Im(G1) lq
mt
[ ǫ(s+, P, q, l) + ǫ(s−, P, q, l) ]
− Re(G2) s
mt
[ (s− 4m2t )(ls+ + ls−)− lq (Ps+ − Ps−) ]
−2 Im(G2) [ Ps+ǫ(s−, P, q, l)− Ps−ǫ(s+, P, q, l) ]
− Re(G3) lq
mt
[ lq (Ps+ − Ps−)− (s− 4m2t )(ls+ + ls−) ]
−2 Im(G3) lq ǫ(s+, s−, q, l)
+2 Re(G4) [ (s− 4m2t )(Ps+ ls− − Ps− ls+) + 2 lq Ps+Ps− ]
+ Im(G4)
1
mt
(s− 4m2t )[ ǫ(s+, P, q, l) + ǫ(s−, P, q, l) ]
]
, (10)
where
P ≡ pe + pe¯ (= pt + pt¯) , l ≡ pe − pe¯ , q ≡ pt − pt¯ ,
the symbol ǫ(a, b, c, d) means ǫµνρσa
µbνcρdσ for ǫ0123 = +1,
DV ≡ C [A2γ − 2AγAZved ′ + A2Z(1 + v2e)d ′2 + 2(Aγ − AZved ′)Re(δAγ)
−2{Aγved ′ − AZ(1 + v2e)d ′2}Re(δAZ) ],
DA ≡ C [B2Z(1 + v2e)d ′2 − 2BZved ′Re(δBγ) + 2BZ(1 + v2e)d ′2Re(δBZ) ],
DVA ≡ C [−AγBZved ′ + AZBZ(1 + v2e)d ′2 −BZved ′(δAγ)∗
+(Aγ − ved ′AZ)δBγ +BZ(1 + v2e)d ′2(δAZ)∗
−{Aγved ′ − AZ(1 + v2e)d ′2}δBZ ],
EV ≡ 2C [AγAZd ′ − A2Zved ′2 + AZd ′Re(δAγ) + (Aγd ′ − 2AZved ′2)Re(δAZ) ],
EA ≡ 2C [−B2Zved ′2 +BZd ′Re(δBγ)− 2BZved ′2Re(δBZ) ],
EVA ≡ C [AγBZd ′ − 2AZBZved ′2 +BZd ′(δAγ)∗ + AZd ′δBγ
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−2BZved ′2(δAZ)∗ + (Aγd ′ − 2AZved ′2)δBZ ],
F1 ≡ C [−(Aγ − AZved ′)δDγ + {Aγved ′ −AZ(1 + v2e)d ′2}δDZ ],
F2 ≡ C [−AZd ′δDγ − (Aγd ′ − 2AZved ′2)δDZ ],
F3 ≡ C [BZved ′δDγ − BZ(1 + v2e)d ′2δDZ ],
F4 ≡ C [−BZd ′δDγ + 2BZved ′2δDZ ],
G1 ≡ C [ (Aγ − AZved ′)δCγ − {Aγved ′ − AZ(1 + v2e)d ′2}δCZ ],
G2 ≡ C [AZd ′δCγ + (Aγd ′ − 2AZved ′2)δCZ ],
G3 ≡ C [−BZved ′δCγ +BZ(1 + v2e)d ′2δCZ ],
G4 ≡ C [BZd ′δCγ − 2BZved ′2δCZ ], (11)
and
C ≡ 1/(4 sin2 θW ), d ′ ≡ d · 4 sin θW cos θW .
D
(0)
V,A,VA used in §2 (eq.3) are the standard-model parts of the aboveDV,A,VA. DV,A,VA
and EV,A,VA are both defined the same way as in ref.[3], however Fi (i = 1 ∼ 4)
differ by a factor −2imt (i.e., our Fi = −2imt × their Fi). Finally it should be
emphasized that only linear terms in the non-standard couplings have been kept.
4. Non-standard effects in t and t¯ decays
We shall next consider non-standard effects in t and t¯ decays. We will adopt
the following parameterization of the Wtb vertex suitable for the t → W+b and
t¯→W−b¯ decays for the on-shell W :
Γ µWtb = −
g√
2
Vtb u¯(pb)
[
γµ(fL1 PL + f
R
1 PR)−
iσµνkν
MW
(fL2 PL + f
R
2 PR)
]
u(pt), (12)
Γ¯ µWtb = −
g√
2
V ∗tb v¯(pt¯)
[
γµ(f¯L1 PL + f¯
R
1 PR)−
iσµνkν
MW
(f¯L2 PL + f¯
R
2 PR)
]
v(pb¯), (13)
where PL/R = (1∓ γ5)/2, Vtb is the (tb) element of the Kobayashi-Maskawa matrix
and k is the momentum of W . Because W is on shell,♯5 the two additional form
factors do not contribute. We show in the appendix how dimension 6 operators
affect these form factors.
♯5Note that we use the narrow-width approximation also for the W propagator as mentioned
in § 2.
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It is worth to know that the form factors for top and anti-top satisfy the fol-
lowing relations [17]:
fL,R1 = ±f¯L,R1 , fL,R2 = ±f¯R,L2 , (14)
where upper (lower) signs are those for CP -conserving (-violating) contributions.♯6
Wℓν couplings are treated within the SM as mentioned before:
Γ µWℓν = −
g
2
√
2
u¯(pν)γ
µ(1− γ5)v(pℓ+), (15)
Γ¯ µWℓν = −
g
2
√
2
u¯(pℓ−)γ
µ(1− γ5)v(pν¯). (16)
Assuming that
(−)
fL1 −1,
(−)
fR1 ,
(−)
fL2 and
(−)
fR2 are small and keeping only their linear
terms, we obtain for the double differential spectrum in x and ω the following
result:
1
Γt
d2Γℓ
dxdω
(t→ bℓ+ν) = 1 + β
β
3Bℓ
W
ω
[
1 + 2Re(fR2 )
√
r
(
1
1− ω −
3
1 + 2r
)]
. (17)
An analogous formula for t¯→ b¯ℓ−ν¯ holds with fR2 replaced by f¯L2 :
1
Γt
d2Γℓ
dxdω
(t¯→ b¯ℓ−ν¯) = 1 + β
β
3Bℓ
W
ω
[
1 + 2Re(f¯L2 )
√
r
(
1
1− ω −
3
1 + 2r
)]
. (18)
Here let us give some comments on the CP -violating parameters. Combining
the above results with eq.(14), we find that CP -violating quantities in the decay
processes are proportional to Re(fR2 − f¯L2 ) within our approximation. As will
be found in the appendix (eqs.(49) and (52)), Re(fR2 − f¯L2 ) becomes zero in the
effective lagrangian approach where only the SM particles are taken into account.
Indeed CPT symmetry also requires this. That is, CPT tells us that order by
order in perturbation expansion Γ (t → all) = Γ (t¯ → all). Then, if we assume
only the standard top-quark decay channel t → bW+ at the lowest order, one
is led to Re(fR2 − f¯L2 ) = 0 through the above (17) and (18). Non-zero Re(fR2 −
f¯L2 ) may emerge at the one-loop level, e.g., in SUSY with light neutralinos and
stops such that appropriate absorptive parts of vertex corrections appear. This
means observing non-zero Re(fR2 − f¯L2 ) would be an evidence of not only some new
interactions but also some new relatively light particles.
♯6Assuming CP -conserving Kobayashi-Maskawa matrix.
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5. The lepton-energy spectrum: non-standard results.
Combining the results of the previous sections, we obtain the single lepton-energy
spectrum for e+e− → ℓ± + · · · :
1
Bℓσee¯→tt¯
dσ
dx
±
=
3∑
i=1
c±i fi(x), (19)
where ± corresponds to ℓ±,
c±1 = 1,
c±2 = λ1Re(G1) + λ2Re(δAγ) + λ3Re(δBγ) + λ4Re(δAZ) + λ5Re(δBZ) ∓ ξ,
c+3 = Re(f
R
2 ), c
−
3 = Re(f¯
L
2 ),
and
f1(x) = f(x) + η g(x), f2(x) = g(x), f3(x) = δf(x) + η δg(x). (20)
ξ is the CP -violating parameter ♯7 in the production process used in refs. [3, 4]
ξ ≡ 2Re(F1) aVA,
while λi are defined as
λ1 ≡ 2 β2η aVA,
λ2 ≡ −2 aVA [ η(3− β2)(Aγ − AZved ′) + 2BZved ′ ],
λ3 ≡ 4 aVA [Aγ − ved ′(AZ − ηβ2BZ) ]
λ4 ≡ 2 aVA [ η(3− β2){Aγved ′ − AZ(1 + v2e)d ′2}+ 2BZ(1 + v2e)d ′2 ],
λ5 ≡ −4 aVA [Aγved ′ − (1 + v2e)d ′2(AZ − ηβ2BZ) ].
( aVA was defined just before eq.(6) in § 2.) For the present input parameters, they
are
λ1 = 0.1586, λ2 = −0.4303, λ3 = 1.9578, λ4 = 0.5635, λ5 = 0.2684.
♯7Similarly to Re(fR2 − f¯L2 ), it will be seen in the appendix that within the effective lagrangian
scenario ξ = 0 (eqs.(39) and (40)). Non-zero ξ would also be generated through absorptive parts
of loop diagrams involving relatively light non-standard particles.
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(1)
(2)
(3)
(1)
(2)
(3)
1(  )
2(  )
3(  )
Figure 1: The functions fi(x) defined in eq. (20).
F1 and G1 in c
±
2 are numerically related to the non-SM parameters as(
F1
G1
)
= 0.7035
(
−δDγ
δCγ
)
+ 0.1205
(
−δDZ
δCZ
)
.
δf(x) and δg(x) are the functions derived in our previous work, and their explicit
form could be found in the appendix of ref.[4]. The functions fi(x) are shown in
fig. 1.
The double lepton-energy spectrum is given by the following formula:
1
B2ℓσee¯→tt¯
d2σ
dxdx¯
=
6∑
i=1
cifi(x, x¯), (21)
where
c1 = 1, c2 = ξ, c3 =
1
2
Re(fR2 − f¯L2 ),
c4 = λ
′
1Re(G1) + λ
′
2Re(δAγ) + λ
′
3Re(δBγ) + λ
′
4Re(δAZ) + λ
′
5Re(δBZ) ,
– 11 –
c5 = λ1Re(G1) + λ2Re(δAγ) + λ3Re(δBγ) + λ4Re(δAZ) + λ5Re(δBZ) ,
c6 =
1
2
Re(fR2 + f¯
L
2 ),
and
f1(x, x¯) = f(x)f(x¯) + η [ f(x)g(x¯) + g(x)f(x¯) ] + η
′g(x)g(x¯),
f2(x, x¯) = f(x)g(x¯)− g(x)f(x¯),
f3(x, x¯) = δf(x)f(x¯)− f(x)δf(x¯)
+ η [ δf(x)g(x¯)− f(x)δg(x¯) + δg(x)f(x¯)− g(x)δf(x¯) ]
+ η′[ δg(x)g(x¯)− g(x)δg(x¯) ],
f4(x, x¯) = g(x)g(x¯),
f5(x, x¯) = f(x)g(x¯) + g(x)f(x¯),
f6(x, x¯) = δf(x)f(x¯) + f(x)δf(x¯)
+ η [ δf(x)g(x¯) + f(x)δg(x¯) + δg(x)f(x¯) + g(x)δf(x¯) ]
+ η′[ δg(x)g(x¯) + g(x)δg(x¯) ]. (22)
λ′i are defined similarly to λi :
λ′1 ≡ 2(1 + β2η′) aVA,
λ′2 ≡ 2β−2[ 1 + β2 − η′β2(3− β2) ] aVA (Aγ − AZved ′ ),
λ′3 ≡ −4(1− η′β2) aVABZved ′,
λ′4 ≡ 2β−2[ 1 + β2 − η′β2(3− β2) ] aVA [−Aγved ′ + AZ(1 + v2e)d ′2 ],
λ′5 ≡ 4(1− η′β2) aVABZ(1 + v2e)d ′2,
and their values are
λ′1 = 2.4814, λ
′
2 = −0.1943, λ′3 = 0.0278, λ′4 = −0.0333, λ′5 = 0.2313.
The functions fi(x, x¯) are plotted in fig. 2.
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x
x
−
f1(       ) x, x−
x
x
−
f2(       ) x, x−
x
x
−
f3(       ) x, x−
x
x
−
f4(       ) x, x−
x
x
−
f5(       ) x, x−
x
x
−
f6(       ) x, x−
Figure 2: The functions fi(x, x¯) defined in eq. (22).
6. The optimal observables
Let us briefly summarize the main points of the optimal-observables technique [7].
Suppose we have a cross section
dσ
dφ
(≡ Σ(φ)) = ∑
i
cifi(φ)
where fi(φ) are known functions of the location in final-state phase space φ and ci’s
are model-dependent coefficients. The goal would be to determine ci’s. It can be
– 13 –
done by using appropriate weighting functions wi(φ) such that
∫
wi(φ)Σ(φ)dφ = ci.
Generally, different choices for wi(φ) are possible, but there is a unique choice such
that the resultant statistical error is minimized. Such functions are given by
wi(φ) =
∑
j
Xijfj(φ)/Σ(φ) , (23)
where Xij is the inverse matrix of Mij which is defined as
Mij ≡
∫
fi(φ)fj(φ)
Σ(φ)
dφ . (24)
When we take these weighting functions, the statistical uncertainty of ci becomes
∆ci =
√
Xii σT/N , (25)
where σT ≡
∫
(dσ/dφ)dφ and N is the total number of events.
Single distribution
Let us consider first the single-lepton inclusive process:
e+e− → tt¯→ ℓ± · · · , (26)
where l = e or µ and dots stand either for jets or leptons. The M and X matrices
obtained from eq.(19) are the same as presented in ref.[5] (the numerical values are
a bit different since the input data are not the same):
(Mij) =

 1 0 00 0.099 0.15
0 0.15 0.24

 ,
(Xij) =

 1 0 00 128.79 −79.30
0 −79.30 52.99

 .
Since M and X are the same for ℓ+ and ℓ− we obtain the following statistical
errors:
∆c±2 = 11.35/
√
Nℓ , ∆c
±
3 = 7.28/
√
Nℓ , (27)
where Nℓ is the expected number of detected single-lepton events. This quantity
is obtained from the integrated luminosity L and lepton-tagging efficiency ǫℓ as
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Nℓ = Bℓσee¯→tt¯L
ℓ
eff = 127.9L
ℓ
eff , where L
ℓ
eff ≡ ǫℓL (in fb−1 units) and we estimated
σee¯→tt¯ to be 581.5 fb using α(s) = 1/126. Since ℓ
+ and ℓ− events are statisti-
cally independent, we can combine them when necessary. For example, we have
∆ξ = 8.03/
√
Nℓ since ξ = (c
−
2 − c+2 )/2. Moreover, if we were not interested in
differences (CP -violation) between the ℓ+ and ℓ− distributions but just concen-
trated on determination of form factors (the same for leptons and antileptons)
we could allow for both signs of leptons at the same time, which would increase
the branching-ratio-suppression factor from 18/81 to 36/81 and increase expected
statistics.♯8
3σ effects will be observable at
√
s = 500 GeV if the following relations are
satisfied:
|c±2 | ≥ 3.01 fb−1/2/
√
Lℓeff , |c±3 | ≥ 1.93 fb−1/2/
√
Lℓeff . (28)
In table 1 we show the square root of the effective luminosity
√
Lℓeff obtained for
some typical representative values of L and ǫℓ expected at planned
√
s = 500 GeV
e+e− linear colliders [18, 19].
ǫℓ
L[ fb−1]
20 40 100 200
0.6 3.46 4.90 7.75 11.0
0.8 4.00 5.66 8.94 12.6
1.0 4.47 6.32 10.0 14.1
Table 1: Square root of the single-lepton effective luminosity:
√
Lℓeff .
These are the most precise results which we can draw from the single distri-
bution (19) alone. In order to get a higher precision, therefore, it is important to
combine it with other independent information. For example, if we knew c±3 from
♯8Here, the double-leptonic-decay modes were also included. In order to remove them one
should replace the branching-ratio-suppression factors 18/81 and 36/81 by 12/81 and 24/81
respectively.
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some other data and we only had to determine c±2 here, then the corresponding
matrices would become
(Mij) =

 1 0
0 0.099

 , (Xij) =

 1 0
0 10.10

 ,
which leads to
∆c±2 = 3.18/
√
Nℓ . (29)
Similarly, if we already had c±2 , then
∆c±3 = 2.04/
√
Nℓ . (30)
Discussion of the above results is left to the next section.
Double distribution
The double-lepton spectrum eq.(21) leads to the following M and X :
(Mij) =


1 0 0 0 0 0
0 0.23 −0.34 0 0 0
0 −0.34 0.54 0 0 0
0 0 0 0.011 −0.0038 −0.0029
0 0 0 −0.0038 0.18 0.26
0 0 0 −0.0029 0.26 0.44


,
(Xij) =


1 0 0 0 0 0
0 42.27 26.09 0 0 0
0 26.09 17.94 0 0 0
0 0 0 96.88 9.16 −4.88
0 0 0 9.16 47.42 −28.55
0 0 0 −4.88 −28.55 19.49


.
The statistical errors for the determination of the coefficients ci calculated accord-
ing to the formula (25) for the double-lepton spectrum are shown in table 2. Table
3 provides the square root of the effective luminosity
√
Lℓℓeff similarly to table 1,
where Lℓℓeff ≡ ǫ2ℓL.
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i 2 3 4 5 6
∆ci
√
Nℓℓ 6.50 4.24 9.84 6.89 4.41
|ci|
√
Lℓℓeff 3.68 2.40 5.57 3.89 2.50
Table 2: Standard deviations ∆ci expected for measurements of ci defined for
the double energy spectrum by eq.(21) could be read from the second row, where
Nℓℓ = B
2
ℓσee¯→tt¯L
ℓℓ
eff = 28.14L
ℓℓ
eff denotes the expected number of double-lepton
events. Lℓℓeff ≡ ǫ2ℓL (in fb−1 units) stands for the effective integrated luminosity.
The last row shows the minimal value for |ci|
√
Lℓℓeff (in fb
−1/2 units) necessary for
an observation of 3σ effects at
√
s = 500 GeV.
ǫℓ
L[ fb−1]
20 40 100 200
0.6 2.68 3.79 6.00 8.49
0.8 3.58 5.06 8.00 11.3
1.0 4.47 6.32 10.0 14.1
Table 3: Square root of the double-lepton effective luminosity:
√
Lℓℓeff .
Again we can find from the diagonal elements of Mij what precision we can
get when other information is available and we have here only one undetermined
parameter left.
7. Summary, discussion and comments
Next-generation linear colliders of e+e−, NLC, will provide a cleanest environment
for studying top-quark interactions. There, we shall be able to perform detailed
tests of the top-quark couplings to the vector bosons and either confirm the SM
simple generation-repetition pattern or discover some non-standard interactions. In
this paper, assuming the most general (CP -violating and CP -conserving) couplings
for γtt¯, Ztt¯ and Wtb, we have calculated in a model-independent way the single-
and the double-leptonic spectra. Then, the recently proposed optimal-observables
technique [7] have been adopted to determine non-standard couplings both through
the single- and double-leptonic-spectra measurements. The effective luminosity
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necessary for an observation of 3σ effects at
√
s = 500 GeV for given values of non-
standard couplings have been found. It would be very interesting if we observed
non-standard couplings to be non-zero. In particular, finding non-zero CP -violating
parameters must be exciting since in that case not only new interactions but also
new relatively-light particles are required as discussed in § 4 and 5.
The results we have presented are the most precise ones which could be ob-
tained from the single or double distribution alone. As pointed out in the previous
section, combining various independent data is important to achieve a higher preci-
sion, for which we gave a simple example there. Indeed there are several articles in
which such comprehensive analysis has been performed. In ref.[8] full reconstruc-
tion of events was assumed, and helicity amplitudes for the production and decay
processes were adopted to construct a likelihood. Then the likelihood has been
investigated varying a single form factor at a time. Therefore one can compare
expected precision for a measurement of form factors with our example eqs.(29,
30) for ∆c±2/3 while c
±
3/2 is known. In spite of the fact that the method adopted
here requires just lepton-energy measurement, it is seen that the obtained precision
has not been substantially reduced (notice that in ref.[8] integrated luminosity of
10 fb−1 has been applied).
Ladinsky and Yuan discussed prospects for measurements of top-quark non-
standard form factors at future linear colliders [9]. Their analysis based on the top-
quark angular distribution assumes however that its decays do not involve any non-
standard couplings. They provide algorithms to determine top-quark momentum
through its decay products, where full reconstruction of events is needed as in
ref.[8]. Taking into account that we measure here only lepton energy, the results
are consistent even though our precision is slightly lower. Similar analysis including
some non-standard effects in top-quark decays has been performed in ref.[10]. The
precision for measurements of non-standard couplings estimated there is again at
the level of a few per cents.
Angular-energy distribution of charged leptons originating from the top-quark
decay measured in the top-quark rest frame is known to be very sensitive to the top-
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quark spin direction [11]. Therefore one can adopt it as analyzer of the top-quark
polarization vector. Since the angular distribution of polarized quarks, eq.(10), is
sensitive to non-standard interactions, it is understandable that the energy spec-
trum of leptons does in fact carry information on non-standard couplings in the
production process. The angular-energy distribution measured in the top-quark
rest frame is of course also sensitive to non-standard interactions in the decay.
Therefore it has been advocated by Jez˙abek and Ku¨hn in ref.[12] as a possible
test of V ±A charged current structure. Numerical analysis performed by Schmitt
[13] shows that the expected precision for right-handed charged current should be
about 2% of the left-handed coupling.
Finally, let us give a brief comment on the effects of radiative corrections. All
the non-standard couplings considered here may be generated at the multi-loop
level within the SM. As it has been already mentioned, CP -violating couplings δDγ,
δDZ and Re(f
R
2 − f¯L2 ) requires at least two loops of the SM, so they are negligible.
On the other hand, CP -conserving couplings δAγ,Z , δBγ,Z , δCγ,Z and Re(f
R
2 + f¯
L
2 )
could be generated already at the one-loop level approximation of QCD. Therefore,
in order to disentangle non-standard top-quark interactions and such QCD effects
it is important to calculate and subtract the QCD contributions from the lepton-
energy spectrum, this is however beyond the scope of this paper. One should
however remember that the QCD corrections include also an emission of real gluons
and therefore not only form factors would be corrected but also the structure of
matrix elements♯9 and the phase space would be different. Consequently, optimal
observables would need to be modified. Ref.[11, 20] provides literature on QCD
corrections to tt¯ production and/or decay at linear colliders.
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Appendix
The form factors discussed in the text could be derived within the framework
of the effective lagrangian parameterizing non-standard corrections to the SM.
The effective lagrangian approach requires a choice of the low-energy particle
content. In this paper we assume that the SM correctly describes all such ex-
citations (including the Higgs particle).♯10 Thus we imagine that there is a scale
Λ, independent of the Fermi scale, at which the new physics becomes apparent.
Since the SM is renormalizable and Λ is assumed to be large, the decoupling the-
orem [21] is applicable and requires that all new-physics effects be suppressed by
inverse powers of Λ. All such effects are expressed in terms of a series of local gauge
invariant (SU(2)L × U(1)) operators of canonical dimension > 4; the catalogue of
such operators up to dimension 6 is given in ref.[14] (there are no dimension 5
operators respecting the global and local symmetries of the SM).
Adopting the notation of Buchmu¨ller and Wyler we are listing all the dimension
6 operators contributing to γtt¯ and Ztt¯ vertices:
OqW = iq¯τ iγµDνqW iµν , OqB = iq¯γµDνqBµν ,
OuB = iu¯γµDνuBµν , O(1)φq = i(φ†Dµφ)(q¯γµq),
O(3)φq = i(φ†Dµτ iφ)(q¯γµτ iq), Oφu = i(φ†Dµφ)(u¯γµu),
ODu = (q¯Dµu)Dµφ˜, OD¯u = (Dµq¯u)Dµφ˜,
OuWφ = (q¯σµντ iu)φ˜W iµν , OuBφ = (q¯σµνu)φ˜Bµν ,
where τ i is the Pauli matrices. Some of them also contribute to Wtb vertex. In
addition,Wtb vertex receives corrections from the following dimension 6 operators:
Oφφ = i(φ†ǫDµφ)(u¯γµd), OdWφ = (q¯σµντ id)φW iµν ,
ODd = (q¯Dµd)Dµφ, OD¯d = (Dµq¯d)Dµφ.
Given the above list, the whole lagrangian is written as
L = LSM + 1
Λ2
∑
i
(αiOi + h.c.) . (31)
♯10Other approaches can be followed, assuming, for example, an extended scalar sector or the
complete absence of light physical scalars.
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We have used the following parameterization of γ and Z vertices relevant for
the production process:
Γ µvtt¯ =
g
2
u¯(pt)
[
γµ{ Av + δAv − (Bv + δBv)γ5 }
+
(pt − pt¯)µ
2mt
(δCv − δDvγ5) + (pt + pt¯)
µ
2mt
(δEv − δFvγ5)
]
v(pt¯) (32)
(v = γ/Z). Here we kept the terms of δEv and δFv for the later discussion though
they do not contribute to our processes as mentioned in the main text. Direct
calculation leads to the following results for the non-standard contributions to the
form factors: ♯11
δAγ =
1
Λ2
[ s
g
{cos θW Im(αuB + αqB) + sin θW Im(αqW )}
+
8mtv
g
{cos θWRe(αuBφ) + sin θWRe(αuWφ)}
]
, (33)
δAZ =
1
Λ2
[
− v
2
cos θW
Re(αφu + α
(1)
φq − α(3)φq )
− s
g
{sin θW Im(αuB + αqB)− cos θW Im(αqW )}
− 8mtv
g
{sin θWRe(αuBφ)− cos θWRe(αuWφ)}
]
, (34)
δBγ =
1
Λ2
[ s
g
{sin θW Im(αqW ) + cos θW Im(αqB − αuB)}
]
, (35)
δBZ =
1
Λ2
[ v2
cos θW
Re(αφu − α(1)φq + α(3)φq )
+
s
g
{sin θW Im(αuB − αqB) + cos θW Im(αqW )}
]
, (36)
δCγ =
1
Λ2
[
−8mtv
g
{cos θWRe(αuBφ) + sin θWRe(αuWφ)}
]
, (37)
δCZ =
1
Λ2
[ 8mtv
g
{sin θWRe(αuBφ)− cos θWRe(αuWφ)}
− mtv
cos θW
Re(αDu − αD¯u)
]
, (38)
δDγ =
1
Λ2
[
i
4m2t
g
{cos θWRe(αuB − αqB)− sin θWRe(αqW )}
+ i
8mtv
g
{cos θW Im(αuBφ) + sin θW Im(αuWφ)}
]
, (39)
♯11Renormalization of the gauge-boson fields have been omitted for simplicity. For details, see
ref.[14].
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δDZ =
1
Λ2
[
−i4m
2
t
g
{sin θWRe(αuB − αqB) + cos θWRe(αqW )}
− i8mtv
g
{sin θW Im(αuBφ)− cos θW Im(αuWφ)}
+ i
mtv
cos θW
Im(αDu − αD¯u)
]
, (40)
δEγ = 0, (41)
δEZ =
1
Λ2
[
i
mtv
cos θW
Im(αDu + αD¯u)
]
, (42)
δFγ =
1
Λ2
[
−4m
2
t
g
{sin θW Im(αqW ) + cos θW Im(αqB − αuB)}
]
, (43)
δFZ =
1
Λ2
[
−4m
2
t
g
{cos θW Im(αqW )− sin θW Im(αqB − αuB)}
− mtv
cos θW
Re(αDu + αD¯u)
]
, (44)
where the Higgs vacuum expectation value is v (not v/
√
2) as in ref.[14].
Let us briefly discuss constraints on the general form of Γ µγtt¯ from U(1)EM sym-
metry. This coupling, obtained as the matrix element of the EM current jµ(x) at
x = 0, is given as
〈pt, pt¯|jµ(0)|0〉 = u¯(pt)
[
γµ(Aγ + δAγ − δBγγ5) + (pt − pt¯)
µ
2mt
(δCγ − δDγγ5)
+
(pt + pt¯)
µ
2mt
(δEγ − δFγγ5)
]
v(pt¯).
From the current conservation (U(1)EM symmetry), ∂µj
µ(x) = 0,
0 = 〈pt, pt¯|∂µjµ(0)|0〉 = i(pt + pt¯)µ〈pt, pt¯|jµ(0)|0〉
= iu¯(pt)
[
−2mtδBγγ5 + s
2mt
(δEγ − δFγγ5)
]
v(pt¯).
As it is seen from above equation U(1)EM gauge symmetry requires the following
relations to hold:
δEγ = 0, δBγ = − s
4m2t
δFγ . (45)
That is, U(1)EM could be maintained even with non-zero axial coupling Bγ . Indeed,
it could be directly checked that the above relations are satisfied among eqs.(35),
(41) and (43).
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Using the notation defined by eqs.(12) and (13), the non-standard parts of the
form factors contributing to the top-quark decays read:
fL1 =
1
VtbΛ2
[
−2M
2
W
g
Im(αqW ) +
mtv
2
(αDu − αD¯u)− 2v2α(3)φq
]
, (46)
fR1 =
1
VtbΛ2
[
v2α∗φφ +
mtv
2
(α∗Dd − α∗D¯d)
]
, (47)
fL2 =
1
VtbΛ2
[
−4MW v
g
α∗dWφ −
MW v
2
(α∗Dd − α∗D¯d)
]
, (48)
fR2 =
1
VtbΛ2
[
−4MW v
g
αuWφ − MWv
2
(αDu − αD¯u) + i
2mtMW
g
Re(αqW )
]
, (49)
f¯L1 =
1
V ∗tbΛ
2
[
−2M
2
W
g
Im(αqW ) +
mtv
2
(α∗Du − α∗D¯u)− 2v2α(3) ∗φq
]
, (50)
f¯R1 =
1
V ∗tbΛ
2
[
v2αφφ +
mtv
2
(αDd − αD¯d)
]
, (51)
f¯L2 =
1
V ∗tbΛ
2
[
−4MW v
g
α∗uWφ −
MW v
2
(α∗Du − α∗D¯u)− i
2mtMW
g
Re(αqW )
]
, (52)
f¯R2 =
1
V ∗tbΛ
2
[
−4MW v
g
αdWφ − MW v
2
(αDd − αD¯d)
]
. (53)
Similar studies for the form factors have been recently performed in ref.[22].
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